Let X be a smooth complex curve of genus g. To each point P of X we associate the subsemigroup On the other hand, Komeda [8, 10] proved that any numerical semigroup of genus g ≤ 7 is Weierstrass, and that any primitive numerical semigroup H of genus g = 8, 9, i.e. such that twice the smallest number in H is strictly bigger than the largest number in N\H, is Weierstrass. Moreover, he proved that any numerical semigroup, whose smallest element a is a ≤ 5, is Weierstrass ([6,7]).
Introduction
Let X be a smooth complex curve of genus g. To each point P of X we associate the subsemigroup H P (X) = {n ∈ N | h 0 (O X (nP )) > h 0 (O X ((n − 1)P ))} (0.1) of the natural numbers N, called the Weierstrass semigroup of X at P . Conversely, an additive subsemigroup H of N, whose complement is finite of cardinality g, is called a numerical semigroup of genus g. Moreover, H is said Weierstrass if there exists a pointed curve (X, P ) such that H P (X) = H. We are concerned with the question posed by Hurwitz [5] in 1893, whether any numerical semigroup is Weierstrass. In 1980 Buchweitz [1] found an example of a non-Weierstrass numerical semigroup in genus g = 16. Afterwards other examples in genus g ≥ 16 were given by generalizing Buchweitz's results in [9] .
On the other hand, Komeda [8, 10] proved that any numerical semigroup of genus g ≤ 7 is Weierstrass, and that any primitive numerical semigroup H of genus g = 8, 9, i.e. such that twice the smallest number in H is strictly bigger than the largest number in N\H, is Weierstrass. Moreover, he proved that any numerical semigroup, whose smallest element a is a ≤ 5, is Weierstrass ( [6, 7] ).
As far as we know, the problem of the existence of a non-Weierstrass numerical semigroup in genus 8 ≤ g ≤ 15 is open.
Here we show that the semigroup generated by
where g ≥ 10 is a numerical semigroup of genus g which is not Weierstrass. The proof consists in observing that if H was the Weierstrass semigroup of a curve X, then X should be fourgonal. Then we analyze the canonical model X K of X, a surface ruled in conics which should contain X K , and the three-dimensional rational normal scroll, whose fibers are spanned by the gonal divisors on X K .
Notations and preliminaries
We work over an algebraically closed field K of characteristic zero. Given a divisor D on a smooth curve X, we shall denote by ϕ |D| the morphism induced by the complete linear system |D|. Moreover, given a subscheme Z ⊆ Y of a variety Y ⊆ P N , we shall indicate by Z the projective subspace spanned by Z in P N . Following [4] and [2] , we recall the definitions of vanishing sequence and Weierstrass points. If X is a smooth curve, L a line bundle of degree d on X, and h 0 (L) = n + 1, then we say that
For any P ∈ X, the ordered sequence R P (V ) = (r 0 (P ), . . . , r n (P )) with 0 ≤ r 0 (P ) < . . . < r n (P ) ≤ d of the orders to which vanish the s i at P , is called the vanishing sequence at P . It is possible to show that
for any i = 2, . . . , n, where O i−1 P (φ(X)) denotes the osculating (i − 1)-space to the image of X through the morphism φ induced by L at P and m P denotes the intersection multiplicity in P .
Finally, we recall that for any 0
is the vanishing sequence of the projection of X from the (i − 1)-th osculating space, and we have
In the case of the canonical embedding of a non hyperelliptc curve, the sequence
is called the Weierstrass gap sequence of X at P . A point P ∈ X is said to be a Weierstrass point if G P = (1, 2, . . . , g). By (0.2), on the canonical model of a non-hyperelliptic curve we have
hence, by the geometric version of Riemann-Roch, h 0 (O X (a i P )) = a i − i. It follows that N\G P is equal to the subset H P defined in (0.1), and it is the set of orders of poles of rational functions on X regular except at P ; in particular, H P is a subsemigroup of the additive semigroup of the natural numbers N, called the Weierstrass semigroup of P . This suggests to give the following:
Definition A subsemigroup H ⊆ N such that the complementary subset has cardinality g is said to be a numerical semigroup of genus g. Moreover, any numerical semigroup is called a Weierstrass semigroup if its complementary subset is the Weierstrass gap sequence of a smooth algebraic curve of genus g at a point.
Theorem
The numerical semigroup
where g ≥ 10, has genus g and it is not Weierstrass.
Proof. Assume by contradiction that there exists a curve X and a Weierstrass point P ∈ X having the complement G of H ⊆ N as Weierstrass gap sequence. Then, G has the form G = (1, 2, 3, 4 , 5, 7, 9, 11, . . . , 2g − 9, 2g − 5, 2g − 3) and one can verify that it consists of g elements. Moreover, by definition, we have:
2g−4 .
(1.1)
Using Riemann-Roch one can verify that
where P 1 , P 2 are possibly equal, but both different from P . Using Riemann-Roch again one can check that |K X − (2g − 6)P | = g . Furthermore, we note that the series |6P | is not compounded with the series |2P + P 1 + P 2 |. Indeed, if by contradiction we had 6P ∼ 2P + P 1 + P 2 + Q 1 + Q 2 , then we would have 4P ∼ P 1 + P 2 + Q 1 + Q 2 , and since P i = P , this would imply 4P ∈ g Therefore we may consider the morphism Φ : X → P 1 ×P 1 given by the product ϕ |2P +P 1 +P 2 | × ϕ |6P | of the corresponding morphisms. The image Φ(X) = Y is a divisor of type (4, 6) on P 1 × P 1 of arithmetic genus p a (Y ) = 15 and having a cusp of type (2, 6) at Φ(P ) =P . Since Y is birational to X, it must be g ≤ 15. Thus the Theorem is already proved for g ≥ 16.
Assume now g ≤ 15. We shall describe the canonical model X K of X. We first observe that X K ⊆ P g−1 is obtained by projecting the canonical model Y K ⊆ P 14 of Y from the singular points or from the osculating spaces at the singular points of Y K , in order to smoothen Y and not to have any triple of points of a fiber in aligned position (otherwise X would be trigonal). Indeed, X K is the normalization of Y K . Let
Note that, by the adjunction formula, K Y ∼ (K P 1 ×P 1 + Y ) | Y and since the corresponding linear systems are isomorphic, the canonical linear system on Y is cut out by the linear system |(2, 4)| on P 1 × P 1 . We claim that to smoothen Y K atP we must project from the osculating space atP of dimension at least two. Indeed, the vanishing sequence RP has the form RP = (0, 2, 4, 6, . . .). This can be checked by looking at a local parametrization atP on the smooth quadric Q in P 3 . The k-dimensional osculating spaces correspond to certain linear systems in H 0 (O P 1 ×P 1 (2, 4)) of codimension k + 1. Since Y has a cusp inP of type (2, 6), if z = xy is the affine equation of Q, we may choose a local parametrization of Y of the form    x = α 2 t 2 + α 3 t 3 + α 4 t 4 + higher order terms, y = β 6 t 6 + β 7 t 7 + β 8 t 8 + higher order terms z = γ 8 t 8 + γ 9 t 9 + γ 10 t 10 + higher order terms for suitable coefficients α i , β j and γ k . Note now that any curve C ∈ |(2, 4)| is a local complete intersection atP ; indeed, if l 1 ∪ l 2 ∈ |(2, 0)| are arbitrary lines, then C ∪ l 1 ∪ l 2 ∈ |(4, 4)| which is a complete intersection (as we have the surjection (4, 4) )). This implies that C is residual to two skew lines l 1 ∪ l 2 ∈ |(2, 0)| in a complete intersection of Q with a quartic surface, and we can assume that l 1 ∪ l 2 does not pass throughP .
Hence C may be expressed locally by the equations
Then the curves passing thoughP and satisfying a 1 = 0 form a codimension two linear system, and they have intersection multiplicity with Y inP equal to four. Moreover, one can check that this is the maximum intersection multiplicity that can be reached by a codimension two linear system. The further condition b 1 = 0 determines a codimension three linear system of curves having intersection multiplicity with Y equal to six inP . Again, this is the maximum of the multiplicities with curves in such a linear system.
As the vanishing sequence of X K in P has the form (0, 1 It remains to exclude the cases g = 10, 11, 12.
We observe that Y K lies on the rational surface ruled in conics
Furthermore,S lies on the rational normal three-dimensional scrollṼ of degree 12, whose fibers are spanned by the fibers ofS. It follows that X K ⊆ S where
is the projection ofS. Since X is not rational, S is still a surface, and the general fiber of S is a non-degenerate conic. Furthermore, the projection ofṼ is a rational normal scroll V of degree g − 3 such that V ⊇ S ⊇ X K . Since deg(S) = 16 we see that
Also, note that if p : S → P 1 is the morphism determined by the ruling, then
by construction. We shall denote by P again the image π(P ), by P i = π(P i ). We are going to describe the surface S near P . LetŨ ∼ (1, 0) be the rational normal quartic curve onS passing thoughP . As U intersects Y K only inP , and the intersection multiplicity is mP (Ũ ∩ Y K ) = 6, the osculating planes to the two curves verify
(Y K ) intersects the fiber fP throughP transversely, and it intersectsŨ exactly in 3P . Hence
It follows that π(Ũ ) = L is a unisecant line in S, and the total transform ofŨ under
, where t is the exceptional line and 3t denotes a triple structure on t. Moreover, the fiber of S through P is simply degenerate. Indeed, we would obtain a double line only if it wasP =P 1 =P 2 (see [3] ). It follows that fP is equal to t ∪ l, where l is a line through P 1 and P 2 . By (1.5) the line t is tangent to X K at P .
Finally, since dim L ∪ 3t = 4 and m p (l ∪ 3t, X) = 6, it follows from the form of the gap sequence that
Consider now H = O g−2 P (X K ) the hyperosculating hyperplane; by (1.3), H contains the fiber F P of the volume V passing through P . H contains no other fiber, since the support of H ∩ X is P ∪ P 1 ∪ P 2 , and H does not contain the divisor 2F P of V , since otherwise H ∩ X would contain P 1 and P 2 with multiplicity two. Hence we may write
where R is a rational normal ruled surface of degree g − 4, which spans a subspace of dimension
But taking into account (1.6) and recalling that the line L is transverse to the fibers of S, we deduce that L ⊆ R. This implies that R = R 1,g−5 is the surface P(O P 1 ⊕ O P 1 (−(g − 6))) embedded by the linear system |C 0 + (g − 5)f |.
Finally, we look at the hyperplane intersection
where D is an irreducible unisecant curve on R, and where by αt we mean a multiple structure of degree α ≥ 3 on t.
If D = L, as deg(S) ≤ g + 1, by (1.4) we have α ≤ 4 and so
But this is a contradiction since, by the form of the gap sequence, it should be
But the only surface ruled in lines with this property is the projection of the ruled surface in P 14 generated by the divisor 2Ũ ⊆S. Indeed, R is the projection of a ruled surfaceR ⊆Ṽ , since V is the projection ofṼ and the osculating hyperplane to X K in P is the projection of the osculating hyperplane to Y K inP . Furthermore,R must be tangent toS along the open subscheme ofŨ given by the points lying on the fibers which do not intersect the projection center. It follows thatR is unique and it is equal to the degree eight surface determined by 2Ũ , as claimed. We conclude by noting that sinceR ⊇Ũ , and the projection center intersectsŨ in a point with multiplicity three, we have deg(R) ≤ 5, and this is in contradiction with the fact that deg(R) = g − 4 ≥ 6.
Remark
The numerical semigroup in the statement of the Theorem in genera g = 8, 9 yields two example of non primitive semigroups, using Komeda's terminology [8] , which are not known to be Weierstrass or not. The argument of our proof does not apply in these cases. We expect, in fact, that such semigroups are Weierstrass semigroups.
